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The six-dimensional exchange density ΓX(r1,r2) is a measure of electron delocalization at the Hartree-Fock
level. Fixation of r1 to a constant point results in a three-dimensional function, which displays electron
delocalization that originates from r1 in position space. In this work, the dimensionality of ΓX(r1,r2) is lowered
from six to four by integration with regard to r2 over sphere surfaces of radius d, centered at r1 ) r. The
resulting radial exchange density ΓX(d,r) is visualized for constant d values as a function of r. This approach
indicates regions of position space which are origins of delocalization over a certain distance d. The shape of
these regions very strongly depends on d. Structures similar to π orbital densities are observed at large d
values (4.5 au) in unsaturated carbon compounds, while smaller values (1.5 au) can result in structures, which
resemble the Laplacian of the electron density. The abundance of different spatial structures inherent in the
radial exchange density implies interesting capabilities for the orbital-independent interpretation of electronic
structures in position space.

Introduction

Visualization of atomic or molecular electronic structures
is generally a formidable task, because of the high dimen-
sionality of the wavefunction Ψ and its associated density
matrix ΨΨ*. Integration of ΨΨ* with regard to N - 1 sets
of space and spin coordinates (N: number of electrons) yields
after multiplication with N the first-order reduced density
matrix, whose spin-integrated diagonal element is the electron
density F(r). This three-dimensional function is easily
visualized in real physical space (position space) and has
also a clear meaning: F(r)dV equals N times the probability
of finding an electron in volume dV around space point r.1,2

Its topology provides the basis for the quantum mechanical
definition of atoms in molecules (QTAIM).3–5 Local concen-
trations in F(r), which can be detected in its Laplacian 32F(r),
indicate spatial regions where increased electron localization
takes place.6–10 Other three-dimensional functions, which are
employed for related purposes, are the electron localization
function (ELF),11–14 the electron localizability indicator
(ELI),15–17 and the localized orbital locator (LOL).18 It is also
possible to determine spatial domains, which maximize the
probability of containing a given number of electrons.19 The
description of electron delocalization between two points r1

and r2, a nonlocal property, requires functions f(r1,r2) with
explicit dependence on six space coordinates, like the
exchange density ΓX(r1,r2),20,21 the exchange-correlation
density ΓXC(r1,r2),22,23 and the sharing index I(r1,r2).24,25 For
visualization and comprehension of such functions, it is
necessary to lower their dimensionality, while preserving the
nonlocal information content. One may, for example, fix the
three r1 coordinates (or integrate them over a finite region
V) and evaluate f along the r2 coordinates. This procedure
reveals the three-dimensional structure of delocalization that
originates from r1 (or the region V). Another possibility is
to substitute r2 with (r1 + d) and integrate f(r1,r1 + d) with
regard to r1 over the entire space. The resulting function f1(d)

measures the total delocalization between all pairs of points
that are separated by the vector d. It is a three-dimensional
function, but because it is defined in the space of distance
vectors, it cannot be directly mapped on molecular structures.
Additional angular integration of f1(d) yields a one-
dimensional function f2(d), which gives the total delocaliza-
tion over a distance d, independent from direction. The
resolution of f2(d) into position space contributions, that is,
investigation of a four-dimensional function f3(d,r), which
measures at each point r the total delocalization from r over
all other points located in a distance d from r, constitutes
the subject of this paper. The exchange density ΓX(r1,r2) is
chosen as f(r1,r2), hence the functions f1(d), f2(d), and f3(d,r)
are equal to the exchange intracule density times two,
2K(d),26–28 the radial exchange intracule density (radial
K-intracule density) times two, 2K(d),26,27 and the radial
exchange density ΓX(d,r). Evaluation of ΓX(d,r) along r for
several fixed d values reveals interesting spatial aspects of
electronic structures, because the predominant delocalization
distances vary strongly with the position in a molecule. The
shapes of the spatial domains appearing at certain d values
are often qualitatively interpretable in terms of chemical
objects and concepts like single, double, or triple bonds, lone
pairs, and bond conjugation.

Theory. Electron delocalization between two space points
r1 and r2 is defined at the Hartree-Fock (HF) level through
the exchange density ΓX(x1,x2),21,23 which is the correlated part
of the HF electron pair density Γ(x1,x2) (xi denotes combined
space-spin coordinates ri, si):1,2,29

Γ(x1,x2))
1
2[F(x1)F(x2)+ΓX(x1,x2)] (1)

Γ(x1,x2)dV1dV2 gives the probability of finding an electron with
spin s1 in volume dV1 around r1 and another one with spin s2 in
volume dV2 around r2, multiplied by the number of distinct
electron pairs. The total number of distinct pairs, which can be
formed from a set of N electrons is ½N(N - 1) ) ½(N2 - N).1
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integrates to N2 instead of the correct number of N(N-1), because
it contains N fictitious self-pairs,21 which are removed in
equation 1 by the exchange density ΓX(x1,x2). The exchange
density describes electron correlation due to the Pauli principle
(Fermi correlation). It is always lower than or equal to zero
and integrates to -N:

∫∫ΓX(x1,x2) dx2dx1 )-∫ F(x1)dx1 )-N (2)

ΓX(x1,x2) can hence be interpreted as self-pair density, that is,
as a quantitative measure of electron delocalization.6,20,30,31 High
absolute values of ΓX(x1,x2) correspond to strong delocalization
between position space points r1 and r2. ΓX(x1,x2) is the negative
of the squared absolute value of the first-order reduced density
matrix γ(x,x′):

ΓX(x1, x2))-|γ(x1, x2)|
2 )-γ(x1,x2)γ(x2,x1) (3)

Integration of the spin coordinates partitions ΓX(x1,x2) in two
components, which are given in terms of the spatial parts of
molecular spin orbitals � as:

ΓX(r1,r2))∫ΓX(x1,x2) ds1ds2

)ΓX
RR(r1,r2)+ΓX

��(r1,r2)

)-|∑
i

R

φi
R(r1)φi

R(r2)*|2 - |∑
i

�

φi
�(r1)φi

�(r2)*|2
(4)

At post-HF levels ΓX(x1,x2) in equation 1 is replaced with the
exchange-correlation density ΓXC(x1,x2), which includes ad-
ditionally the effects of Coulomb correlation and hence contains
also unlike-spin components [ΓXC(r1,r2) ) ΓXC

RR(r1,r2) +
ΓXC
R� (r1,r2) + ΓXC

�R (r1,r2) + ΓXC
�� (r1,r2)].23 Integration of -ΓX(r1,r2)

or -ΓXC(r1,r2) respectively with regard to r1 and r2 over finite
three-dimensional regions Vi and Vj gives the number of
electrons which are localized within a region (Vi ) Vj) or the
number of electrons which are delocalized from Vi over Vj (Vi

* Vj). In the case of atomic basins B as regions V, these numbers
correspond to the localization index λ(Bi) or half times the
delocalization index δ(Bi,Bj)22,30,32–39 (which is equal to the
shared electron distribution index, SEDI40,41). The difference
between an atomic electron population Nj (Bi) and the localization
index λ(Bi) equals the variance of N(Bi), while -δ(Bi,Bj)/2 are
its covariances31,39,42,43 (for the relation between variances of
electron populations and electron localization, cf. also refs
44–46). The pattern of delocalization indicated by δ(Bi,Bj) is
usually in accord with qualitative resonance theory. Methods
for the determination of real space resonance structures (based
on the QTAIM partitioning), into whose contributions δ(Bi,Bj)
can be decomposed, have recently been developed.47–49 The
relation between delocalization and resonance structures has also
been extensively discussed by means of the natural polyelectron
population analysis,50–53 which involves the representation of
the wavefunction by Slater determinants built from natural
atomic orbitals. The inclusion of Coulomb correlation by means
of CI or CASSCF calculations leads in most cases (except ionic
closed-shell interactions) to smaller delocalization indices than
those obtained by the HF method.22,30,41,54 A heuristic replace-
ment of the HF orbitals in equation 4 by Kohn-Sham orbitals55

from B3LYP calculations is possible but does not introduce the
effects of Coulomb correlation.22,56 Usually the delocalization
indices obtained with B3LYP orbitals are somewhat larger than
the HF values.

Unlike the HF exchange density, the exchange-correlation
density ΓXC(r1,r2) at post-HF levels is not a pure self-pair
density. This is obvious for its unlike-spin components (which
can be positive or negative and integrate to zero over entire
space), but also its like-spin components include Coulomb
correlation besides the dominant exchange correlation and
can hence adopt local positive values57 (over entire space
they integrate to the negative number of electrons). There
exist also other definitions of electron delocalization, which
coincide for single determinant wavefunctions with the HF
exchange density (or its absolute value, respectively). A
quantity, which is defined analogously to ΓX(x1,x2) in
equation 3, but with the correlated instead of the HF first-
order reduced density matrix, has been proposed for the
evaluation of bond orders.58,59 Unlike the HF exchange
density, this quantity does not integrate to the negative
number of electrons. Substitution of the eigenvalues ni

(occupation numbers) of γ(x,x′) by their positive square roots
leads to a function which integrates to -N and which has
been proposed as an approximation to the exact ΓXC(r1,r2)
(�: spatial parts of natural spin orbitals):23,36,60

ΓXC
approx(r1,r2))-|∑

i

R

√ni
R
φi
R(r1)φi

R(r2)*|2

-|∑
i

�

√ni
�
φi

�(r1)φi
�(r2)*|2

(5)

In contrast to the exact ΓXC(r1,r2), this function is always lower
than or equal to zero, and it does not satisfy the Pauli exclusion
principle. The same quantity, with an inverted sign, has been
derived as a measure of electron delocalization using arguments
based solely on the first-order reduced density matrix and is
termed sharing index I(r1,r2).24,25,61–64 In the present work, the
HF level (i.e. ni

R,ni
� ) 1 for all i) is employed throughout; hence,

all definitions lead to the same results.
As a six-dimensional function, ΓX(r1,r2) contains an enormous

amount of information. A straightforward way to investigate
its structure is by fixing r1 to a certain location and evaluating
ΓX(r1,r2) (or the related Fermi hole density ΓX

σσ(r1,r2)/Fσ(r1); σ,
spin label) along r2 in three-dimensional position space.20,65–69

Because the number of different r1 points, which have to be
considered in order to obtain a coarse overview of its structure,
can be quite high, it is convenient to integrate r1 over a finite
three-dimensional region, especially an atomic basin B. The
resulting atomic exchange density ΓX(B;r) (r ) r2) represents
after sign inversion the delocalization of the electron population
of the basin B. ΓX(B;r) is a special case of the domain-averaged
Fermi hole (DAFH)70–72 (DAFH’s are the starting points for a
bonding analysis which is based on the eigenvalues and
eigenfunctions of their matrix representations72). In the case of
small molecules, the integration of r1 over a whole atomic basin
is however of limited use, because many of the most interesting
structures of ΓX(B;r) appear usually outside the integration basin
and the basins of the directly adjacent atoms; that is, they are
associated with long-range delocalization.73 Structural details
within or in the vicinity of the integration basin are easier to
recognize in the Laplacian of ΓX(B;r).73

Instead of considering the whole range of delocalization that
originates from a single reference point or basin, one may
examine the total amount of delocalization from a reference
point over a certain distance in dependence of the location of
the reference point. This means to integrate ΓX(r1,r2) with regard
to r2 over the surface of a sphere with radius d centered at r1

) r, that is, to form the radial exchange density ΓX(d,r) (d,
Ωd: radius and solid angle of vector d):
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ΓX(d, r)) d 2∫ΓX(r, r+ d) dΩd (6)

Further integration of ΓX(d,r) with regard to d from 0 to ∞ gives
the negative electron density at r (cf. eq 2), while integration
with regard to r over entire space yields two times the radial
K-intracule density K(d),26,27 which is the exchange part of the
radial intracule density P(d)26,27,74–77 at the HF level. The
intracule density I(d), from which P(d) is derived by angular
integration, is the probability density for finding two electrons
separated by the vector d:26,27,78

I(d))∫Γ(r,r+ d) dr (7)

The exchange part of the HF intracule density is ½∫ ΓX-
(r,r+d)dr (cf. equation 1), hence:

K(d)) d2∫ [1
2∫ΓX(r, r+ d) dr] dΩd

) 1
2∫ΓX(d, r) dr

(8)

The topologies of the intracule density28,79–82 and its Laplacian83,84

have been investigated for molecular systems and found to
contain a wealth of relevant electronic structure information.
The radial intracule density P(d) is of special interest because
it can also be obtained experimentally from X-ray and electron
scattering intensities.85–87

ΓX(d,r) is an interesting mathematical device for visualizing
nonlocal features of molecular electronic structures, especially
when it is evaluated for fixed d values along r, as will be shown
below. The structures of related spherically averaged hole
densities have been discussed for atoms.88,89 Furthermore, a
Taylor expansion has been derived for the spherically averaged
exchange charge density, which is ΓX

σσ(d,r) divided by
-4πd2Fσ(r).90 Nonlocal electronic properties have also been
investigated in the structures of the first-order reduced density
matrix γ(r,r′)91–93 and the parity function,18,94,95 which is defined
as ∫γ(r - s,r + s) ds. A decomposition of γ(r,r′) into local
contributions forms the basis of the natural resonance theory96

(which must not be confused with the natural polyelectron
analysis cited above). Finally, a different approach for the
position space analysis of electron delocalization should be
mentioned, which relies on the anisotropy of the induced current
density.97

Computational Details. The structures of molecules 1-10
were optimized98 with the Gaussian 03 program99 at the B3LYP/
6-311++G(2d,2p) level. They represent minima according to
their Hessian eigenvalues. Molecular orbitals were obtained in
wfn file format (program keywords: 6d 10f, output ) wfn) from
single point HF/6-311++G(2d,2p) calculations at the B3LYP/
6-311++G(2d,2p) geometries. A Fortran program, which uses
wfn files as input, was employed for the calculation of the radial
exchange density from the HF orbitals according to eqs 4 and
6 over a cubic grid. The resulting values were saved in cube
file format.100 Grid intervals of 0.10 (molecules 1-5, 9) and
0.15 au (6–8, 10) were employed. Isosurface representations
and contour line diagrams were generated from the cube files
with the program Molekel.101

The integration of the exchange density over sphere sur-
faces102 was performed numerically using angular grids derived
from extremal fundamental systems of points.103,104 These grids
have good geometric properties and are available up to a size
of 36 864 points (degree 191).103 Integration performance was
checked by comparison of the ΓX(d,r) values obtained from
different grids at several thousand (or hundreds of thousands
in the case of 1 to 5) test locations r, which were distributed

uniformly over the molecule (i.e. at the nodes of a cubic lattice,
extending up to 2 au distance from the outermost nuclei). The
values obtained with 10 000 angular points for d ) 6.0 and 4.5
au, 7225 points for d ) 3.0, 2.5, and 2.0 au, and 5776 points
for d ) 1.5, 1.0, and 0.5 au differ by less than (1 × 10-5 au
from the values obtained with the 36 864 grid at more than 98%
of the test locations (within the same range of accuracy, the
values are invariant to grid rotations). The rotation invariance
of the values obtained from the 36 864 grid is better than (1
× 10-6 au at >98% of the test locations; the exceptions occur
mainly when the exchange density spreads significantly over
an inner atomic core region, which is intersected by the
integration sphere surface (the accuracy may then drop to
approximately (1 × 10-4 au). The 36 864-grid values were
further verified at selected locations by comparison with the
values obtained from more time-consuming product quadratures
in θ and � angles (Gauss-Chebychev formulas of second kind/
trapezoidal rule105). Despite larger sphere areas, the integrations
for d ) 4.5 and 6.0 au were generally found to converge easier
than those for d ) 1.5 to 2.5 au, indicating that contributions
from the core regions become less important with larger
distances d. The final calculations for molecules 6–10 were
performed with the 10 000 (d ) 6.0 and 4.5 au), 7225 (d )
3.0, 2.5, and 2.0 au), and 5776 grids (d ) 1.5, 1.0, and 0.5 au),
while in the case of the smaller systems 1–5 the 36 864 grid
was used for all radii. In any case, the attained mean accuracy
is sufficient for the determination of the contour lines and
isosurfaces employed in this work.

Delocalization indices and atomic electron populations were
obtained with the AIM2000 program106,107 (the absolute values
of the integrals of L ) -¼32F(r) over atomic basins were
smaller than 5 × 10-4 au in all cases).

Results and Discussion

The structure of the radial exchange density is discussed in
the following for several carbon-containing molecules, which
feature different kinds of chemical bonding and conjugation.
ΓX(d,r) is visualized as a function of r for different fixed d
values, which are chosen as multiples of 0.5 au (1 Bohr )
0.529177 Å). Because ΓX(d,r) is necessarily less than or equal
to zero (cf. equation 3), descriptive notions like “accumulation”
and “thinning” can be used without sign specification and refer
here to its absolute values. The radial exchange density of
ethylene 1 (D2h; d(C-C) ) 1.326 Å ) 2.505 au) is shown in
Figures 1 and 2.

At a small delocalization radius d of 0.5 au (Figure 1a-d),
ΓX(d,r) appears as a weakly structured function, which accumulates
mainly with approximately spherical shape in the inner regions of
the carbon atoms (the same holds also at smaller values of d, i.e.,
at d ) 0.4, 0.3, 0.2, and 0.1 au). In this regard, it resembles the
electron density F(r). Similarities to the latter are expected for very
small delocalization radii because, in the case of sufficiently small
d, the exchange density ΓX

σσ(r,r + d) behaves approximately like
-Fσ(r)Fσ(r + d) (this relation implies that r and r + d are both
located inside a region which can be approximated as the spatial
part of a single localized orbital);23,65,88 for d ) 0 the relation is
exact, compare with eq 4.

Upon increasing the delocalization radius to 1.0 au (Figure
1 e-h), the structure of ΓX(d,r) changes markedly. In ΓX(1.0,r),
the carbon nuclei are located in thinned out regions, while there
appear five new prolate accumulation domains (Figure 1f,h),
which surround the C-H and C-C bonds. It is of interest, here,
that the core loge31 of the carbon atom in methane, a spherical
region, centered at the nucleus position, which exhibits a
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minimum of external delocalization and contains in the average
2.01 electrons, has a radius of 0.53 au.31,61 Assuming a similar
core loge radius for the ethylene carbon atoms, it follows that
for most locations of r within the loge the associated integration
sphere surface is with d ) 1.0 au completely outside. This may
be one of the factors responsible for the thinning of ΓX(1.0,r)
in vicinity of the carbon nuclei. The main characteristic of
ΓX(1.0,r) is accumulation between adjacent atomic centers. This
feature persists when d is raised to 1.5 au, a value which
corresponds to about half the C-C bond length (Figure 1).
Therefore, ΓX(1.5,r) and ΓX(1.0,r) are grouped into the same
delocalization range (which may be denoted as proximal
delocalization). However, each of the five accumulation domains
of ΓX(1.0,r) is split in two new ones in ΓX(1.5,r). In addition,
there occurs again accumulation in the vicinity of the carbon
nuclei. It should be noted that the structure of ΓX(1.5,r) appears
here and also in other cases (vide infra), similar to that of the
negative value range of the Laplacian of the electron density
32F(r).6

Upon increasing d to 2.0 au, the accumulation between the
carbon centers disappears. By virtue of this structural difference,
ΓX(2.0,r) (Figure 1m-p) is assigned to the next delocalization
range, which covers C-H and C-C bond distances and can
hence be denoted as vicinal or 1,2-delocalization. The compli-
cated shape of ΓX(2.0,r) at the carbon atoms reflects the
transition from the spatially strongly structured regions, which
are responsible for proximal delocalization over d ) 1.5 au, to
the relatively simple structured regions which are the origins

of delocalization over d ) 2.5 au (Figure 2a-d), a value close
to the C-C bond length of 2.505 au.

The thinned out regions of ΓX(1.5,r) at the carbon atoms,
which appear above and below the plane of the nuclei (Figure
1k), are still recognizable in ΓX(2.0,r), for example, as indenta-
tions in the isosurface for -0.08 au (Figure 1n). ΓX(2.0,r) shows
stronger accumulation near the hydrogen nuclei than ΓX(2.5,r),
because the corresponding delocalization radius is closer to the
C-H bond length of 2.045 au (1.082 Å) than in the latter case.

At none of the d values considered so far appear any clear
indications for the presence of π delocalization between the
doubly bonded carbon atoms. It is however to be expected that
structures resembling π orbital densities occur at larger values
of d, because at least in one direction, perpendicular to the
molecular plane, π orbitals have a larger spatial extension than
σ orbitals. Their contribution along the integration area should
thus become more important relative to the latter at large sphere
radii. Further, due to the smaller number of occupied π
molecular orbitals, these exhibit less sign alternations and
consequently less destructive interference (cf. equation 4) than
σ orbitals. The first π orbital density-like features are already
apparent at d ) 3.0 au (Figure 2e-h), where two additional
accumulation domains appear above and below the molecular
plane at the carbon atoms. These domains become much more
pronounced at delocalization radii of d ) 4.5 and 6.0 au,
respectively (post-vicinal delocalization; Figure 2i-l,m-p). In
case of ethylene, where additional carbon-carbon interactions
cannot occur beyond d ) 2.5 au, both ΓX(4.5,r) and ΓX(6.0,r)

Figure 1. Radial exchange density in ethylene 1. a,b,e,f,i,j,m,n: Isosurface representations. c,d,g,h,k,l,o,p: Contour line diagrams in planes containing
both carbon nuclei, perpendicular (c,g,k,o) and parallel (d,h,l,p) to the molecular plane. Contour line values decrease in constant steps from the
outer boundary of the red zone (starting value) in the direction red f yellow f green f blue. (a) ΓX(0.5,r) ) -0.09 au. (b) ΓX(0.5,r) ) -0.15
au. (c,d) ΓX(0.5,r): starting value ) -0.01 au, step size ) 0.1 au. (e) ΓX(1.0,r) ) -0.11 au. (f) ΓX(1.0,r) ) -0.2 au. (g,h) ΓX(1.0,r): starting value
) -0.01 au, step size ) 0.02 au. (i) ΓX(1.5,r) ) -0.11 au. (j) ΓX(1.5,r) ) -0.15 au. (k,l) ΓX(1.5,r): starting value ) -0.03 au, step size ) 0.015
au. (m) ΓX(2.0,r) ) -0.05 au. (n) ΓX(2.0,r) ) -0.08 au. (o,p) ΓX(2.0,r): starting value ) -0.01 au, step size ) 0.01 au.
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have very similar structures. The observed real space reflection
of topological properties of π orbitals in the structure of ΓX(d,r)
for d g 3 au is a remarkable feature, which is absent in the
electron density or its Laplacian (the electron localization
function provides a different view: a single dumbbell-shaped
region perpendicular to the molecular plane, centered at the
midpoint of the C-C bond).6 This and the following examples
point at the importance of π delocalization, if present, for
distances which are larger than the mean spacing between two
directly bonded carbon atoms.

The radial exchange density of acetylene 2 (D∞h; d(C-C) )
1.196 Å ) 2.261 au) is shown in Figure 3 for d ) 1.5 (3a-c),
2.5 (3d-f), 4.5 (3g-i) and 6.0 au (3j-l).

It is obvious that the four different radii are associated with
the same general structure characteristics as in ethylene 1.
However, in this triply bonded molecule, the separated ac-
cumulation domains in ΓX(4.5,r) and ΓX(6.0,r) above and below
the carbon atoms of ethylene are replaced by toroidal domains,
which reflect the rotational symmetric delocalization implied
by two perpendicular π molecular orbitals. Ethane 3 (D3d;
d(C-C) ) 1.529 Å ) 2.889 au), which is displayed in Figure
4, shows again similar relations between d range and general
structure of ΓX(d,r), but ΓX(4.5,r) and ΓX(6.0,r) (Figure
4g-i,j-l) contain no π orbital density-like or torus-like features
at the singly bonded carbon atoms.

ΓX(1.5,r) in ethane (Figure 4a-c) resembles 32F(r) in number
and position of its minima along the bonds, while in the case
of acetylene 2 (Figure 3a-c) this analogy is less pronounced:
ΓX(1.5,r) contains here two minima between the carbon centers,
while 32F(r) features only one.6 Similarities between the

negative value range of 32F(r) and ΓX(d,r) at delocalization
radii below bond distances are not unexpected, because minima
in 32F(r) are associated with regions of enhanced electron
localization,6–10 that is, regions where delocalization should
occur predominantly over short distances.

Formal replacement of a carbon atom in ethylene 1 by the
more electronegative and electron-rich nitrogen atom leads to
methylenimine 4 (H2CdNH, Cs; d(CsN) ) 1.265 Å ) 2.390
au). In all of the displayed d ranges (Figures 5 and 6c,d), ΓX(d,r)
accumulates much stronger at the nitrogen atom than at carbon;
that is, the basin with higher electron population (Nj (N) ) 8.251,
Nj (C) ) 5.086) is here associated also with stronger delocal-
ization (this must not necessarily be the case).

Analogous to ethylene 1, ΓX(1.5,r) features regions of
thinning above and below the molecular plane at the carbon
and nitrogen atoms. Also like in 1, the carbon core region is
surrounded by three accumulation domains oriented along the
bonds (Figure 5b,d), but the situation at nitrogen appears more
complicated (Figure 5c,d). Noticeable is the presence of a
separated domain in the region where the lone pair of the
nitrogen atom is expected. In the same direction, ΓX(2.5,r) has
at the nitrogen atom its largest spatial extension (Figure 5i).
The shapes of the regions associated with delocalization over d
) 4.5 au (Figure 5 k-o) are very similar to the ones in ethylene
1 and contain distinct π orbital density-like structures. ΓX(6.0,r)
(Figure 5 p-t) appears somewhat different, because there occurs
additional strong accumulation in the lone pair region. It is of
interest, whether the radial exchange density resolves more than
one lone pair domain per atom, if present. In the case of
formaldehyde 5 (H2CdO, C2V; d(C-O) ) 1.201 Å ) 2.269

Figure 2. Same as Figure 1. (a) ΓX(2.5,r) ) -0.02 au. (b) ΓX(2.5,r) ) -0.053 au. (c,d) ΓX(2.5,r): starting value ) -0.01 au, step size ) 0.006
au. (e) ΓX(3.0,r) ) -0.01 au. (f) ΓX(3.0,r) ) -0.035. (g,h) ΓX(3.0,r): starting value ) -0.001 au, step size ) 0.005 au. (i) ΓX(4.5,r) ) -3.3 ×
10-3 au. (j) ΓX(4.5,r) ) -6.5 × 10-3 au. (k,l) ΓX(4.5,r): starting value ) -0.001 au, step size ) 8 × 10-4 au. (m) ΓX(6.0,r) ) -5 × 10-4 au. (n)
ΓX(6.0,r) ) -0.001 au. (o,p) ΓX(6.0,r): starting value ) -2 × 10-4 au, step size ) 1 × 10-4 au.
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au), for which the Laplacian of the electron density indicates
two lone pair domains at oxygen, it turns out that these are
clearly visible in ΓX(1.0,r) (Figure 6a,b), while only a single
domain is present at d ) 1.5 and 2.5 au (at 4.5 and 6.0 au,
there appear again two separate domains).

A delocalization radius of 1.0 au is also better suited to resolve
the lone pair domain in methylenimine 4 (Figure 6c,d). In both
cases, the domains indicated by ΓX(1.0,r) are located very close
to these in 32F(r). Regarding 4, it should further be noted, that
the structure of ΓX(1.0,r) at nitrogen corresponds approximately
to the structure of ΓX(1.5,r) at carbon (Figure 5 a-e).

The examples given so far provide an impression of basic
properties of ΓX(d,r) in small molecules. In the following, some
effects of bond conjugation on ΓX(d,r) will be examined. Trans-
1,3-butadiene 6 (H2C1dC2H2-C3H2dC4H2, C2h; d(C1-C2) )
1.335 Å ) 2.523 au, d(C2-C3) ) 1.454 Å ) 2.748 au) is the
prototype of conjugated polyenes. It is of interest, here, that
the total π delocalization between C1 and C3 is less pronounced
than that between C1 and C4 (cf. also octatetraene26,73 and
C24H26

108): the delocalization indices evaluated by using only
π molecular orbitals109 in eq 4 amount to δπ(C1,C2) ) 0.796,
δπ(C1,C3) ) 0.037, δπ(C1,C4) ) 0.072 and δπ(C2,C3) ) 0.140.

Because there are additional σ contributions to 1,3-delocaliza-
tion, these differences are smaller, but still recognizable, in the
total delocalization indices: δ(C1,C2) ) 1.791, δ(C1,C3) )
0.074, δ(C1,C4) ) 0.077 and δ(C2,C3) ) 1.091. Consideration
of the qualitatively most probable110 ionic resonance struc-
tures44,49,50,115 for the π electrons likewise predicts negative
correlations116 in the pair density,49,51,52 that is, delocalization,
to occur mainly between C1 and C2 (II, III) or C1 and C4 (III,
IV), respectively:

Both ΓX(1.5,r) and ΓX(2.5,r) (Figure 7a,b and c,d) are
essentially unchanged with respect to ethylene 1, what is at least

Figure 3. Radial exchange density in acetylene 2. a,d,g,j: Contour
line diagrams (cf. Figure 1) in the molecular plane. b,c,e,f,h,i,k,l:
Isosurface representations. (a) ΓX(1.5,r): starting value ) -0.03 au,
step size ) 0.015 au. (b) ΓX(1.5,r) ) -0.11 au. (c) ΓX(1.5,r) ) -0.15
au. (d) ΓX(2.5,r): starting value ) -0.01 au, step size ) 0.006 au. (e)
ΓX(2.5,r) ) -0.025 au. (f) ΓX(2.5,r) ) -0.055 au. (g) ΓX(4.5,r):
starting value ) -0.001 au, step size ) 8 × 10-4 au. (h) ΓX(4.5,r) )
-3.1 × 10-3 au. (i) ΓX(4.5,r) ) -6.5 × 10-3 au. j) ΓX(6.0,r): starting
value ) -2 × 10-4 au, step size ) 8 × 10-5 au. (k) ΓX(6.0,r) ) -4 ×
10-4 au. (l) ΓX(6.0,r) ) -8 × 10-4 au.

Figure 4. Radial exchange density in ethane 3. a,d,g,j: Contour line
diagrams (cf. Figure 1) in planes containing two carbon and two
hydrogen atoms. b,c,e,f,h,i,k,l: Isosurface representations. (a) ΓX(1.5,r):
starting value ) -0.03 au, step size ) 0.015 au. (b) ΓX(1.5,r) ) -0.11
au. (c) ΓX(1.5,r) ) -0.15 au. (d) ΓX(2.5,r): starting value ) -0.01
au, step size ) 0.006 au. (e) ΓX(2.5,r) ) -0.017 au. (f) ΓX(2.5,r) )
-0.055 au. (g) ΓX(4.5,r): starting value ) -0.001 au, step size ) 7 ×
10-4 au. (h) ΓX(4.5,r) ) -3.3 × 10-3 au. (i) ΓX(4.5,r) ) -6.5 × 10-3

au. (j) ΓX(6.0,r): starting value ) -1 × 10-4 au, step size ) 1 × 10-4

au. (k) ΓX(6.0,r) ) -5 × 10-4 au. (l) ΓX(6.0,r) ) -9 × 10-4 au.
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for ΓX(1.5,r) understandable, as it measures delocalization over
a distance, which is significantly below the range of C-C bond
lengths.

The 1,3-carbon-carbon distance (d(C1-C3) ) d(C2-C4))
in 6 amounts to 4.662 au (2.467 Å); hence, ΓX(4.5,r) (Figure
7e,f) at the carbon atoms includes significant fractions of 1,3-

Figure 5. Radial exchange density in methylenimine 4. a,b,c,f,g,h,k,l,m,p,q,r: Isosurface representations. d,e,i,j,n,o,s,t: Contour line diagrams (cf.
Figure 1) in planes containing the carbon and nitrogen nuclei, parallel (d,i,n,s) and perpendicular (e,j,o,t) to the molecular plane. (a) ΓX(1.5,r) )
-0.11 au. (b) ΓX(1.5,r) ) -0.15 au. (c) ΓX(1.5,r) ) -0.22 au (d,e) ΓX(1.5,r): starting value ) -0.02 au, step size ) 0.02 au. (f) ΓX(2.5,r) ) -0.02
au. (g) ΓX(2.5,r) ) -0.058 au. (h) ΓX(2.5,r) ) -0.09 au. (i,j) ΓX(2.5,r): starting value ) -0.01 au, step size ) 0.006 au. (k) ΓX(4.5,r) ) -2.6 ×
10-3 au. (l) ΓX(4.5,r) ) -0.005 au. (m) ΓX(4.5,r) ) -8.5 × 10-3 au. (n,o) ΓX(4.5,r): starting value ) -0.001 au, step size ) 7 × 10-4 au. (p)
ΓX(6.0,r) ) -3 × 10-4 au. (q) ΓX(6.0,r) ) -5 × 10-4 au. (r) ΓX(6.0,r) ) -0.001 au. (s,t) ΓX(6.0,r): starting value ) -2 × 10-4 au, step size ) 8
× 10-5 au.

Figure 6. Radial exchange density in formaldehyde 5 (a,b) and
methylenimine 4 (c,d). a,c: Contour line diagrams (cf. Figure 1) in the
molecular planes. b,d: Isosurface representations. (a) ΓX(1.0,r): starting
value ) -0.02 au, step size ) 0.06 au. (b) ΓX(1.0,r) ) -0.6 au. (c)
ΓX(1.0,r): starting value ) -0.03 au, step size ) 0.03 au. (d) ΓX(1.0,r)
) -0.31 au.

Figure 7. Radial exchange density in butadiene 6. Isosurface repre-
sentations. (a) ΓX(1.5,r) ) -0.11 au. (b) ΓX(1.5,r) ) -0.15 au. (c)
ΓX(2.5,r) ) -0.02 au. (d) ΓX(2.5,r) ) -0.053 au. (e) ΓX(4.5,r) ) -3.3
× 10-3 au. (f) ΓX(4.5,r) ) -6.5 × 10-3 au. (g) ΓX(6.0,r) ) -8 × 10-4

au. (h) ΓX(6.0,r) ) -1.1 × 10-3 au.
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C/C delocalization (C1/C3 and C2/C4). Similar to the case of
ethylene 1, ΓX(4.5,r) contains characteristic π orbital density-
like structure elements at the carbon atoms. However, it is not
a simple union of the corresponding functions for two ethylene
molecules; it accumulates more strongly at the central carbon
atoms than at the terminal ones, although the atomic electron
populations are almost identical (Nj(C1) ) Nj(C4) ) 5.986, Nj(C2)
) Nj (C3) ) 5.983). To some extent, this is due to the fact that
large parts of the integration sphere surface are located rather
distant from any atomic center, when r is at the terminal carbon
atom. Upon raising the delocalization radius to d ) 6.0 au (3.175
Å), these differences decrease (Figure 7g,h); the sphere surfaces
for r at the central carbon atoms are then outside both carbon
chain termini, while the sphere surfaces for r at the terminal
atoms approach the basins of the opposite terminal carbon atoms
(d(C1-C4) ) 3.691 Å ) 6.975 au), to which π delocalization
is stronger than in the preceding case of 1,3-delocalization at d
) 4.5 au. The isosurface for ΓX(6.0,r) ) -8 × 10-4 au (Figure
7g) appears in conceptual conformance to the Lewis formula
representation of butadiene, as being composed of two terminal
double and a central single carbon-carbon bond, but this is
not a general result, what will become evident in the discussion
of vinylacetylene 8.

In butatriene 7 (H2C1dC2)C3dC4H2, D2h; d(C1-C2) )
1.313 Å ) 2.481 au, d(C2-C3) ) 1.264 Å ) 2.389 au), the
central single bond of 6 is replaced by an additional double
bond, whose constituting pπ atomic orbitals are oriented
perpendicular to those of the terminal double bonds. The regions
associated with proximal delocalization at d ) 1.5 au (Figure
8a,b) resemble ethylene 1 at the terminal and acetylene 2 at the
central carbon atoms, respectively, while at d ) 2.5 au (Figure
8c,d) no pronounced differences to butadiene 6 are discernible.

In ΓX(4.5,r) (Figure 8e,f) occur π orbital density-like
structures at the terminal carbon atoms, while the central ones

are surrounded by distorted toroidal domains, in which the out-
of-plane π component dominates. As in the case of butadiene
7, the total accumulation is stronger at the central than at the
terminal carbon atoms. The expected perpendicular π orbital
density-like structures appear more clearly at d ) 6.0 au (Figure
8g,h), where the in-plane π component dominates over the out-
of-plane component at the central carbon atoms (in contrast to
7, the central accumulations remain distinctly stronger than the
terminal ones). Again, the structure of ΓX(6.0,r) appears in
conformance with the usual Lewis formula representation, that
contains three adjacent carbon-carbon double bonds.

Vinylacetylene 8 (HC1≡C2sC3HdC4H2, Cs; d(C1sC2) )
1.203 Å ) 2.273 au, d(C2sC3) ) 1.423 Å ) 2.688 au,
d(C3sC4) ) 1.335 Å ) 2.523 au) raises the question whether
double and triple bonds retain their characteristic shapes in
ΓX(4.5,r) and ΓX(6.0,r), that is, those observed in the basic units
ethylene 1 and acetylene 2, upon mutual conjugation. In the
case of short delocalization radii, there is no qualitatively
discernible interaction: ΓX(1.5,r) and ΓX(2.5,r) resemble closely
the underlying building blocks 1 and 2 (Figure 9a,b and c,d).

In analogy to butadiene 6, qualitative consideration of
resonance structures suggest predominantly 1,2- and 1,4-
delocalization to be present in the π system perpendicular to
the molecular plain of 8, what is line with the π delocalization
indices:117 δπ(C1,C2) ) 0.874, δπ(C1,C3) ) 0.023, δπ(C1,C4)
) 0.063, δπ(C2,C3) ) 0.143, δπ(C2,C4) ) 0.049 and δπ(C3,C4)
) 0.799. Hence, those π interactions between the double and
the triple bond which are expected to be visible in ΓX(d,r), that
is, which occur over distances larger than C-C bond lengths,
should concern more 1,4- rather than 1,3-delocalization. The
presence of the triple bond makes it impossible to infer this π
resonance pattern from the total (σ + π) delocalization indices;

SCHEME 1: Resonance structures for butadiene 6

Figure 8. Radial exchange density in butatriene 7. Isosurface rep-
resentations. (a) ΓX(1.5,r) ) -0.11 au. (b) ΓX(1.5,r) ) -0.15 au. (c)
ΓX(2.5,r) ) -0.022 au. (d) ΓX(2.5,r) ) -0.05 au. (e) ΓX(4.5,r) ) -2.6
× 10-3 au. (f) ΓX(4.5,r) ) -5.5 × 10-3 au. (g) ΓX(6.0,r) ) -8 × 10-4

au. (h) ΓX(6.0,r) ) -1.2 × 10-3 au.

Figure 9. Radial exchange density in vinylacetylene 8. Isosurface
representations. (a) ΓX(1.5,r) ) -0.11 au. (b) ΓX(1.5,r) ) -0.15 au.
(c) ΓX(2.5,r) ) -0.02 au. (d) ΓX(2.5,r) ) -0.05 au. (e) ΓX(4.5,r) )
-3.3 × 10-3 au. (f) ΓX(4.5,r) ) -5 × 10-3 au. (g) ΓX(4.5,r) ) -6.5 ×
10-3 au. (h) ΓX(6.0,r) ) -8 × 10-4 au. (i) ΓX(6.0,r) ) -1.1 × 10-3 au.
(j) ΓX(6.0,r) ) -2.2 × 10-3 au.
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for the terminal olefin carbon atom (but not for the terminal
acetylene carbon atom), 1,3-delocalization is larger than 1,4-
delocalization: δ(C1,C2) ) 2.662, δ(C1,C3) ) 0.065, δ(C1,C4)
) 0.075, δ(C2,C3) ) 1.127, δ(C2,C4) ) 0.095 and δ(C3,C4)
) 1.787. Because the 1,3-carbon-carbon distances (d(C1-C3)
and d(C2-C4)) in 8 amount to 4.960 au (2.625 Å) and 4.612
au (2.441 Å), respectively, ΓX(4.5,r) measures mainly 1,3-C/C
delocalization. It contains simultaneously π orbital density-like
and torus-shaped structures at the carbon atoms (Figure 9 e-g),
which are similar to those in ethylene 1 and acetylene 2. Like
in 6 and 7, ΓX(4.5,r) accumulates more pronounced at the central
carbon atoms. The situation is different at d ) 6.0 au (Figure
9 h-j), which includes 1,4-C/C delocalization; d(C1-C4)
amounts to 6.742 au (3.568 Å), hence the basin of C4 can
already be reached by the integration sphere surface for r within
the basin of C1. In ΓX(6.0,r), the toroidal domain at the terminal
triple bond carbon atom C1 is distorted towards the dumbbell-
like structure of a pπ orbital, a shape which is transmitted from
the terminal carbon atom C4 of the double bond, because
conjugation can occur only within parallel π orbitals (cf. Figure
9f vs Figure 9j). In case of 6 and 7, on the other hand, 1,4-
delocalization has no distorting effects, because the conjugated
bonds are of identical types.

In conjugated systems with an uneven number of participating
atoms, where qualitative resonance structures indicate 1,3-
delocalization to be important, the effects of conjugation on the
shape of triple bond domains may already be apparent in the
structure of ΓX(4.5,r). Aminoacetylene 9 (H2N1-C2≡C3H, Cs;
d(N-C) ) 1.352 Å ) 2.555 au, d(C-C) ) 1.201 Å ) 2.269
au) is an example for such a system (δ(N1,C2) ) 1.123,
δ(C2,C3) ) 2.570, δ(N1,C3) ) 0.158):

The structure of ΓX(1.5,r) (Figure 10a,b) at the carbon atoms
of 9 is approximately rotational symmetric, resembling strongly
acetylene 2, but in ΓX(2.5,r) (Figure 10c,d), the influence of

the amino group on the acetylene unit is already obvious:
at the terminal carbon atom, there is distinctly stronger ac-
cumulation parallel to the direction of the nitrogen lone pair
region than perpendicular to it.

At a delocalization radius of 4.5 au (Figure 10 e-h), which
is dominated by delocalization between nitrogen and the terminal
carbon atom (d(N1-C3) ) 2.552 Å ) 4.823 au), the structural
differences between both carbon atoms are very pronounced.
ΓX(4.5,r) features a toroidal domain at the central carbon atom
(Figure 10h), but at the terminal one, this domain is strongly
distorted, appearing with distinct π orbital density-like structure
elements at an isosurface value of -5 × 10-3 au (Figure 10g).
Obviously, this imprint of the similar shaped region at the
nitrogen atom into the terminal triple bond torus is in line with
the expected pattern of resonance structures (Scheme 2). Raising
the delocalization radius to 6.0 au (Figure 10i,j) causes no
significant qualitative alterations, but in analogy to molecules
6 and 8, the degree of accumulation increases at the outer atoms,
while it decreases at the inner one.

In some special cases of nonplanar molecules, conjugation
of functional groups is assumed to occur directly through space
instead of through intermediate bonds (homoconjugation). A
classic example is the homotropylium cation 10 (C8H9

+, Cs),118

which is regarded on the basis of structural and magnetic criteria
as a cyclically conjugated 6π electron system, with homocon-
jugation of the multiple bonds occuring across the space between
the methylene-bridged carbon atoms C1 and C7 (d(C1-C7) )
2.148 Å ) 4.059 au):

Although there is no bond path present between these two
atoms, the delocalization index δ(C1,C7) is with 0.240 rather
high for a pair of nonbonded atoms. The presence of direct
delocalization between C1 and C7 is reflected in the shapes of
atomic exchange densities (DAFH’s) and their Laplacians.119

It is therefore of interest whether the radial exchange density
likewise contains indications for homoconjugation. The struc-
tures of ΓX(d,r) at d ) 1.5 and 2.5 au (Figure 11a,b and c,d)
exhibit no special features and are in line with those of ethylene
1 and butadiene 6.

Of particular interest, on the other hand, are ΓX(4.5,r) and
ΓX(6.0,r) (Figure 11e,f and g,h), which contain π orbital density-
like structures at all trigonal coordinated carbon atoms. At low
absolute isosurface values (Figure 11e and g), these structures
melt together at adjacent atoms, so that C1 and C7 become
directly linked through a separated zone below the methylene
group, a situation which resembles the familiar description of
homoconjugation by means of obliquely overlapping pπ atomic
orbitals.

Conclusions

It has been shown that angular integration of the exchange
density is a useful method for the partial visualization of its
six-dimensional structure in three-dimensional space. Besides

Figure 10. Radial exchange density in aminoacetylene 9. Isosurface
representations. (a) ΓX(1.5,r) ) -0.11 au. (b) ΓX(1.5,r) ) -0.15 au.
(c) ΓX(2.5,r) ) -0.02 au. (d) ΓX(2.5,r) ) -0.061 au. (e) ΓX(4.5,r) )
-2.2 × 10-3 au. (f) ΓX(4.5,r) ) -4.5 × 10-3 au. (g) ΓX(4.5,r) ) -5 ×
10-3 au. (h) ΓX(4.5,r) ) -7.2 × 10-3 au. (i) ΓX(6.0,r) ) -9 × 10-4 au.
(j) ΓX(6.0,r) ) -2 × 10-3 au.

SCHEME 2: Resonance structures for aminoacetylene 9

SCHEME 3: Homotropylium cation 10
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its clear physical meaning as a measure of correlations in the
pair density (which equals electron delocalization at the HF
level), an important aspect of the exchange density (or the related
Fermi hole) is that its structure, despite being invariant with
respect to unitary orbital transformations, reflects some of the
familiar aspects of orbital shapes.10,23,66,73 This property, which
is known from representations for fixed reference points or
basins, survives angular integration. In the context of completely
orbital-independent descriptions of electronic structures, the
extraction of invariant shape aspects of orbital models from
wavefunctions is expected to become increasingly important in
the future. It should be noted that the analysis described in this
work is not limited to the Hartree-Fock level; besides substitut-
ing ΓX(r1,r2) with the general exchange-correlation density, it
is also of interest to employ the sharing index instead.

On the whole, the structure of ΓX(d,r) in carbon multiple bond
systems fits to the picture of a local σ type scaffolding, which
is overlaid by long-range π delocalization. Small delocalization
radii are associated mainly with atomic core regions (d ) 0.5
au), while somewhat farther reaching delocalization (d ) 1.0
and 1.5 au) originates from regions, which resemble character-
istic structure elements of 32F(r), like its bonded and nonbonded
(lone pair) minima in the valence shell charge concentration.
Because both σ and π delocalization are involved in C-C
multiple bonds, the radial exchange density resolves no π
contributions at radii in the range of the corresponding bond
distances (d ) 2.5 au). On the other hand, radii corresponding

to 1,3-delocalization (d ) 4.5 au) or above (d ) 6.0 au) are
associated mainly with π orbital density-similar structures,
because of the increasing importance of π delocalization for
non-nearest neighbor interactions.

Supporting Information Available: Cartesian coordinates
(in atomic units) of 1 – 10. This material is available free of
charge via the Internet at http://pubs.acs.org.
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